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We present the fully general time-dependent multiconfiguration self-consistent-field method to
describe the dynamics of a system consisting of arbitrary different kinds and numbers of inter-
acting fermions and bosons. The total wave function is expressed as a superposition of different
configurations constructed from time-dependent spin-orbitals prepared for each particle kind. We
derive equations of motion followed by configuration-interaction (CI) coefficients and spin-orbitals
for general, not restricted to full-CI, configuration spaces. The present method provides a flexible
framework for the first-principles theoretical study of, e.g., correlated multielectron and multinu-
cleus quantum dynamics in general molecules induced by intense laser fields and attosecond light
pulses.
I. INTRODUCTION
We are now witnessing rapid progress in ultra-
short intense light sources in different spectral ranges
such as terahertz radiation, optical-parametric-chirped-
pulse-amplification mid-infrared lasers, high-harmonic
extreme-ultraviolet (XUV) pulses, and XUV/x-ray free-
electron lasers. These technological advances have trig-
gered various research activities, including attosecond
science [1–3], with a goal to directly measure and, ul-
timately, control electron and nuclear motion in atoms
and molecules.
Ab initio simulations of the electronic and nuclear dy-
namics in atoms and molecules remain a challenge. The
multiconfiguration time-dependent Hartree-Fock (MCT-
DHF) method [4, 5] has been developed for the investi-
gation of multielectron dynamics in strong and/or ul-
trashort laser fields [6]. In this approach, the time-
dependent total electronic wave function Ψ(t) is ex-
pressed as a superposition of different Slater determi-
nants ΦI (t),
Ψ(t) =
∑
I
ΦI (t)CI (t), (1)
where CI (t) is the configuration-interaction (CI) coef-
ficients. Both {CI (t)} and the spin-orbitals constitut-
ing {ΦI (t)} are allowed to vary in time. In the com-
munity of high-field phenomena and attosecond physics,
the term MCTDHF is conventionally used for the full-
CI case, in which the sum in Eq. (1) runs over all the
possible ways to distribute the electrons among a given
number of spin-orbitals. On the other hand, also under
active development are variants without the restriction
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to the full-CI expansion, generically referred to as the
time-dependent multiconfiguration self-consistent-field
(TD-MCSCF) methods hereafter. The representative
examples include the time-dependent complete-active-
space self-consistent-field [7, 8], the time-dependent
restricted-active-space self-consistent-field [9], and the
time-dependent occupation-restricted multiple active-
space (TD-ORMAS) [10] methods. These allow a com-
pact and computationally less demanding description of
the multielectron dynamics, without sacrificing accuracy.
In particular, the TD-ORMAS can treat arbitrary CI ex-
pansions of the form Eq. (1) in principle.
Among successful approaches for nuclear dynam-
ics is the multiconfiguration time-dependent Hartree
(MCTDH) method [11]. Developed for systems consist-
ing of distinguishable particles, this method expresses the
time-dependent total nuclear wave function as a super-
position similar to Eq. (1) but that of Hartree products.
The other way around, the MCTDHF can be viewed as
an extension of the MCTDH to fermions. By hybridizing
the MCTDHF for electrons and the MCTDH for nuclei,
one can construct a multiconfiguration electron-nuclear
dynamics (MCEND) method [12] to describe the non-
Born-Oppenheimer coupled dynamics. Nuclei forming
molecules are, however, indistinguishable particles, either
fermions or bosons.
In this Paper, further stepping forward in this direc-
tion, we present a fully general TD-MCSCF method for a
system comprising of arbitrary different kinds and num-
bers of interacting fermions and bosons. Treating all
the constituent particles on an equal footing, we expand
the total wave function in terms of configurations of the
whole system [see Eq. (5) below], rather than consider-
ing configurations of each particle kind separately as in
Ref. [13]. Thus, based on the time-dependent variational
principle, we derive the equations of motion (EOM) of
CI coefficients and spin-orbitals for general configuration
spaces, not restricted to full-CI.
2This paper is organized as follows. Section II intro-
duces our TD-MCSCF ansatz for many-particle systems
composed of different kinds of fermions and bosons, and
also defines the target Hamiltonian considered in this
work. In Sec. III, we derive the general equations of
motion, based on the time-dependent variational prin-
ciple. Explicit working equations for a molecule inter-
acting with an external laser field are shown in Sec. IV.
Concluding remarks are given in Sec. V.
II. DEFINITION OF THE PROBLEM
A. TD-MCSCF ansatz
We consider a quantum mechanical many-body system
with K kinds of fermions or bosons. The subsystem of
kind α consists of Nα identical particles. Thus, there are
N =
∑K
α=1Nα particles in whole. For notational brevity,
we call such a system an N -particle system, where the
array of integers N = (N1N2 · · ·NK) carries information
of both particle kinds and number of particles in each
kind.
Let us define, for each kind of particles, the complete
orthonormal set of spin-orbitals {χ
(α)
µα (t) : µα ∈ Ωα},
which spans the one-particle Hilbert space Ωα, and are
time-dependent in general. Then the N -particle Hilbert
space is spanned by
ΦI (t) = Φ
(1)
I1
(t)⊗ Φ
(2)
I2
(t)⊗ · · · ⊗ Φ
(K)
IK
(t), (2)
where Φ
(α)
Iα
(t) is a determinant (or parmanent) of α-kind
fermions (or bosons), consisting of Nα spin-orbitals cho-
sen from {χ
(α)
µα }. We call ΦI (t) the I ’s configuration,
where I = I1I 2 · · ·IK is considered, at the moment, to
collectively label the chosen spin-orbitals. The objective
of this paper is to formulate the TD-MCSCF theory of
the N -particle system within the ansatz of total wave-
function analogous to that for electronic system, Eq. (1),
but using the configurations of Eq. (2).
For rigorous and compact presentation of theory, we
resort to the second quantization formulation by intro-
ducing creation and annihilation operators {cˆ
(α)†
µα , cˆ
(α)
µα }
associated to {χ
(α)
µα }. These operators obey the (anti-
)commutation relations of bosons (fermions),
[cˆ(α)µα , cˆ
(α)
να
] = [cˆ(α)†µα , cˆ
(α)†
να
] = 0, [cˆ(α)µα , cˆ
(α)†
να
] = δµανα , (3)
for bosons, where [aˆ, bˆ] = aˆbˆ− bˆaˆ, and
{cˆ(α)µα , cˆ
(α)
να
} = {cˆ(α)†µα , cˆ
(α)†
να
} = 0, {cˆ(α)µα , cˆ
(α)†
να
} = δµανα ,
(4)
for fermions, where {aˆ, bˆ} = aˆbˆ+ bˆaˆ.
Within the TD-MCSCF ansatz, the complete set of
spin-orbitals {χ
(α)
µα (t)} is split into nα (≥ Nα) occupied
spin-orbitals {χ
(α)
iα
(t) : iα = 1, 2, · · · , nα} and remaining
virtual spin-orbitals {χ
(α)
aα (t) : aα = n + 1, n + 2 · · · }.
We call the subspace of Ωα spanned by occupied spin-
orbitals the occupied spin-orbital space Ωoccα , and that
spanned by virtual spin-orbitals the virtual spin-orbital
space Ωvirα , where Ωα = Ω
occ
α ⊕Ω
vir
α . The total state Ψ(t)
is expressed as a superposition of configurations ΦI (t) of
Eq. (2), but constructed from occupied spin-orbitals only.
Thus we write
|Ψ(t)〉 =
∑
I
CI (t)|I (t)〉, (5)
where CI (t) is the CI coefficient, and |I (t)〉 is the occu-
pation number representation of the configuration ΦI ,
|I (t)〉 = |I 1(t)〉 ⊗ |I 2(t)〉 ⊗ · · · ⊗ |IK(t)〉, (6)
|Iα〉 =
1∏nα
jα=1
Iα,jα !
[cˆ†1]
Iα,1 [cˆ†2]
Iα,2 · · · [cˆ†µ]
Iα,nα |vac〉. (7)
Now Iα = Iα,1Iα,2 · · ·Iα,nα is (rigorously) reinterpret-
ted as an integer array, satisfying
∑nα
iα=1
Iα,iα = Nα.
Note that Iα,iα ∈ {0, 1} for fermions. Here and in what
follows, we use indices iα, jα, kα, ... for occupied (Ω
occ
α ),
aα, bα, cα, ... for virtual (Ω
vir
α ), and µα, να, κα, τα, ... for
general (Ωα) spin-orbitals of kind α. The indices pα, qα
will be used for numbering the coordinates.
It should be noted that we do not restrict the expan-
sion Eq. (5) to the full-CI one. It should also be noticed
that occupied configurations are specified in terms of the
whole system rather than in terms of each particle kind
separately as [13],
|Ψ(t)〉 =
∑
I1
∑
I2
· · ·
∑
IK
CI 1I2···IK (t)|I 1(t)〉 ⊗ |I 2(t)〉 ⊗ · · · ⊗ |IK(t)〉. (8)
with Iα, Iβ , I γ , · · · being the configuration of particle
kind α, β, γ, · · · , respectively, and CIαIβIγ ···(t) the CI co-
efficient. Our approach allows a highly flexible choice of
CI space, e.g., including up to double excitation [10] re-
gardless of particle kind, thereby enabling proper account
of correlation between different kinds of particles while
suppressing computational cost.
B. Target Hamiltonian
In this article, we consider the Hamiltonian of an N -
particle system composed of up to M -body terms,
H = H1 +H2 + · · ·+HM , M ≤ N. (9)
The Hamiltonian is explicitly time-dependent in general,
but the time argument t is dropped in this section for
simplicity. Here, the m-body Hamiltonian is assumed
to be given explicitly in terms of the coordinates (and
momenta, see below) in a general sense characterizing
3m particles (or degrees of freedom), and symmetric un-
der exchange of coordinates among particles of the same
kind. One-particle Hamiltonian, e.g., is written as
H1 =
K∑
α=1
Nα∑
pα=1
Hα(xα,pα , x
′
α,pα
), (10)
where the non-local form allows to describe the momen-
tum dependence of the Hamiltonian, and two-body in-
teraction is generally given by
H2 =
K∑
α=1
Nα∑
pα=1
Nα∑
qα>pα
Hαα(xα,pα , xβ,qβ , x
′
α,pα
, x′β,qβ )
+
K∑
α=1
K∑
β>α
Nα∑
pα=1
Nβ∑
qα=1
Hαβ(xα,pα , xβ,qβ , x
′
α,pα
, x′β,qβ ).
(11)
The reasons why we here consider the (non-local) higher-
than-two body terms, which will not actually be used in
Sec. IV, are (1) that such form is used in multiconfigura-
tion Hartree (MCH) method for distinguishable particles,
and (2) their possible appearance upon coordinate trans-
formations, or in the effort of removing translational and
rotational degrees of freedom[14, 15].
The Hamiltonian is equivalently expressed in the sec-
ond quantization formalism as
Hˆm =
∑
m1,··· ,mK
Hˆm1,··· ,mK =
∑
m
Hˆm , (12)
where the net m-body Hamiltonian is further classi-
fied into those contributions Hˆm , hereafter called m-
body Hamiltonian, involving mα particles of the kind α,
(0 ≤ mα ≤ Nα,
∑K
α=1mα = m),
Hˆm =
∑
µ1
· · ·
∑
µK
∑
ν1
· · ·
∑
νK
(Hm)
µ1···µK
ν1···νK
Eˆµ1···µ1ν1···νK
=
∑
µν
(Hm)
µ
ν Eˆ
µ
ν , (13)
where µ = (µ1µ2 · · ·µK), and µα = (µα,1µα,2 · · ·µα,mα)
indexes the set of spin-orbitals to represent mα particles
in the Hamiltonian. Eˆµν is the m-particle replacement
operator Eˆµν = (Eˆ1)
µ1
ν1 · · · (EˆK)
µK
νK , with
(Eˆα)
µα
να
= cˆ(α)†µα,1 cˆ
(α)†
µα,2
· · · cˆ(α)†µα,mα cˆ
(α)
να,mα
· · · cˆ(α)να,2 cˆ
(α)
να,1
, (14)
and (Hm)
µ
ν is given by
(Hm)
µ
ν =
1∏K
α=1mα!
∑
µν
∫
dxdx′ϕ∗µ(x)Hm(x,x
′)ϕν (x
′),
(15)
where x = (x1x2 · · ·xK), xα = (xα,1xα,2 · · ·xα,mα) is the
set of mα coordinates of particle α, and
ϕµ(x) =
K∏
α=1
ϕ(α)µα (xα)
=
K∏
α=1
χ(α)µα,1(xα,1)χ
(α)
µα,2
(xα,2) · · ·χ
(α)
µα,mα
(xα,mα).
(16)
For the later discussion, we define them-body reduced
density matrix (RDM) as
(ρm)
µ
ν = 〈Ψ|Eˆ
ν
µ |Ψ〉. (17)
One- and two-particle RDMs are also denoted as
(ρα)
µα
να
= 〈Ψ|(Eˆα)
να
µα
|Ψ〉 = (ρ01···1α···0K )
µα
να
,
(ραα)
µαγα
ναλα
= 〈Ψ|(Eˆα)
ναλα
µαγα
|Ψ〉 = (ρ01···2α···0K )
µαγα
ναλα
, (18)
(ραβ)
µαγβ
ναλβ
= 〈Ψ|(Eˆα)
να
µα
(Eˆα)
λβ
γβ |Ψ〉 = (ρ01···1α··1β···0K )
µαγβ
ναλβ
,
with β 6= α.
III. EQUATIONS OF MOTION
In this section, we derive the EOMs for the CI coeffi-
cients and spin-orbitals by imposing the time-dependent
variational principle[16–18] on our TD-MCSCF ansatz.
We require the action integral
S =
∫ t1
t0
dt〈Ψ|(Hˆ − i∂t)|Ψ〉, (19)
to be stationary, δS = 0, with respect to the variation of
the total wavefunction δΨ within our TD-MCSCF ansatz
Eq. (5), subject to the boundary conditions δΨ(t0) =
δΨ(t1) = 0. To this end, let us introduce anti-Hermitian
matrices ∆α and Xα as,
〈χ(α)µα |δχ
(α)
να
〉 = (∆α)
µα
να
, 〈χ(α)µα |χ˙
(α)
να
〉 = (Xα)
µα
να
. (20)
(Recall that indices µα, να refer to both occupied and
virtual spin-orbitals.) We also define,
∆ˆ =
∑
α
∑
µανα
(∆α)
µα
να
(Eˆα)
µα
να
, Xˆ =
∑
α
∑
µανα
(Xα)
µα
να
(Eˆα)
µα
να
,
(21)
with which orthonormality-conserving spin-orbital varia-
tions and time derivatives can be written as
|δχ(α)µα 〉 = ∆ˆ|χ
(α)
µα
〉, |χ˙(α)µα 〉 = Xˆ|χ
(α)
µα
〉. (22)
Then, the variation and time derivative of total state are
compactly given by[7, 10, 19],
|δΨ〉 =
∑
I
δCI |I 〉+ ∆ˆ|Ψ〉, |Ψ˙〉 =
∑
I
C˙I |I 〉+ Xˆ|Ψ〉,
(23)
4and their Hermitian conjugate are
〈δΨ| =
∑
I
δC∗I 〈I | − 〈Ψ|∆ˆ, 〈Ψ˙| =
∑
I
C˙∗I 〈I | − 〈Ψ|Xˆ.
(24)
It follows from Eq.(19) that,
δS =
∫ t1
t0
dt [〈δΨ|(H − i∂t)|Ψ〉+ 〈Ψ|(H − i∂t)|δΨ〉]
=
∫ t1
t0
dt〈δΨ|
[
H |Ψ〉 − i|Ψ˙〉
]
+
[
〈Ψ|H + i〈Ψ˙
]
|δΨ〉.
(25)
Substituting Eqs.(23) and (24) into this equation, after
some algebraic manipulation [7, 19], we obtain,
δS =
∫
dt
∑
I
δC∗I
{
〈I |H − iXˆ|Ψ〉 − iC˙I
}
−
∑
I
{
〈Ψ|H − iXˆ |I 〉+ iC˙∗I
}
δCI
+ 〈Ψ|∆ˆ(1−Π)(Hˆ − iXˆ)|Ψ〉
− 〈Ψ|(Hˆ − iXˆ)(1−Π)∆ˆ|Ψ〉, (26)
where Π =
∑
I |I 〉〈I | denotes the projector onto the
CI space, i.e., the subspace of N -electron Hilbert space
spanned by the configurations included in Eq. (5). The
action functional S should be made stationary with re-
spect to all independent variations; {δCI , δC
∗
I } for CI
coefficiens and {(∆α)
µα
να
} for spin-orbitals.
First, the EOM for CI coefficients are obtained from
δS/δC∗I = 0,
iC˙I =
∑
J
〈I |
(
Hˆ − iXˆ
)
|J 〉CJ . (27)
Requiring δS/δCI = 0 derives the complex conjugate of
Eq. (27). Next from δS/δ(∆α)
µα
να
= 0, one obtains
i
∑
β
∑
κβτβ
〈Ψ|
[
(Eˆα)
µα
να
Π¯(Eˆβ)
κβ
τβ − (Eˆβ)
κβ
τβ Π¯(Eˆα)
µα
να
]
|Ψ〉(Xβ)
κβ
νβ
= 〈Ψ|
[
(Eˆα)
µα
να
Π¯Hˆ − HˆΠ¯(Eˆα)
µα
να
]
|Ψ〉, (28)
where Π¯ = 1 − Π. Equation (28) is to be solved
for (Xα)
µα
να
= 〈χ
(α)
µα |χ˙
(α)
να 〉, thus determines the time
derivative of spin-orbitals. We now take a closer look at
Eq. (28) for the following two distinct cases:
Case 1: (µα, να) = (iα, jα). In this case we focus on
the components of the spin-orbital variations within the
subspace spanned by the occupied spin-orbitals. Since
Π¯(Eˆα)
iα
jα
|I 〉 6= 0 and 〈I |(Eˆα)
iα
jα
Π¯ 6= 0 in general, one needs
to directly work with Eq. (28) within the occupied spin-
orbital space
i
∑
β
∑
kβlβ
〈Ψ|
[
(Eˆα)
iα
jα
Π¯(Eˆβ)
kβ
lβ
− (Eˆβ)
kβ
lβ
Π¯(Eˆα)
iα
jα
]
|Ψ〉(Xβ)
kβ
jβ
= 〈Ψ|
[
(Eˆα)
iα
jα
Π¯Hˆ − HˆΠ¯(Eˆα)
iα
jα
]
|Ψ〉. (29)
In the full-CI case, where Π¯(Eˆα)
iα
jα
|Ψ〉 = 0,
〈Ψ|(Eˆα)
iα
jα
Π¯ = 0, Eq. (29) reduces to an identity
0 = 0. Therefore, the corresponding (Xα)
iα
jα
may be
arbitrary anti-Hermitian matrix elements, of which the
simplest choice is (Xα)
iα
jα
= 0.
Case 2: (µα, να) = (iα, aα). In this case we deal with
the components of the spin-orbital variations outside
the occupied spin-orbital space. Since 〈Ψ|(Eˆα)
iα
aα
Π¯ =
〈Ψ|(Eˆα)
iα
aα
and (Eˆα)
iα
aα
|Ψ〉 = 0, Eq. (28) becomes,
i
∑
β
∑
κβ
∑
jβ
〈Ψ|(Eˆα)
iα
aα
(Eˆβ)
κβ
jβ
|Ψ〉(Xβ)
κβ
jβ
= 〈Ψ|(Eˆα)
iα
aα
Hˆ |Ψ〉.
(30)
However, the matrix element in the left-hand side of
the above equation survives only when β = α and
κα = aα ∈ Ω
vir
α , namely 〈Ψ|(Eˆα)
iα
aα
(Eˆβ)
κβ
jβ
|Ψ〉 =
δαβ δ
aα
κα
〈Ψ|(Eˆα)
iα
jα
|Ψ〉 = δαβ δ
aα
κα
(ρα)
jα
iα
. Thus Eq. (30) is sim-
plified to
i
∑
jα
(Xα)
aα
jα
(ρα)
jα
iα
= 〈Ψ|(Eˆα)
iα
aα
Hˆ|Ψ〉. (31)
The m-body Hamiltonian contribution to the RHS of
Eq. (31) is evaluated as follows;
〈Ψ|(Eˆα)
iα
aα
Hˆm |Ψ〉 =
∑
µν
〈Ψ|(Eˆα)
iα
aα
Eˆµν |Ψ〉(Hm)
µ
ν
=
∑
µν
〈Ψ|(Eˆ1)
µ1
ν1
· ·(Eˆα)
iα
aα
(Eˆα)
µα
να
· ·(EˆK)
µK
νK
|Ψ〉(Hm)
µ1··µα··µK
ν1··να··νK
= mα
∑
jα
∑
k[α]l[α]
〈Ψ|(Eˆ1)
k1
l1
· ·(Eˆα)
iαkα
jαlα
· ·(EˆK)
kK
lK
|Ψ〉(Hm)
k1··aαkα··kK
l1··jαlα··lK
= mα
∑
jα
∑
k[α]l[α]
〈Ψ|Eˆiαk
[α]
jαl[α]
|Ψ〉(Hm)
aαk
[α]
jαl[α]
= mα
∑
jα
∑
k[α]l[α]
(Hm)
aαk
[α]
jαl[α]
(ρm)
jαl
[α]
iαk[α]
. (32)
In the second line of the above equation, we note that
the matrix element survives when one and only one of
the mα creation operators in (Eˆα)
µα
να refers to aα ∈ Ω
vir
α ,
and all the others to the occupied spin-orbitals. All such
cases [µα,p = aα, µα,q 6=p ∈ Ω
occ
α ; 1 ≤ p ≤ mα] give the
same contribution since the phase (∓)p−1 [+ (−) sign for
bosons (fermions), arising in (anti-)commuting the cre-
ation operators] is canceled by shifting the correspond-
ing annihilation operator να,p, and the Hamiltonian is
symmetric for interchange of particles of the same kind.
The third line is thus obtained after renaming summa-
tion variables, where k [α] = (k1, · · ·kα, · · ·kK) is the ar-
ray of m − 1 indices with kα = (kα,2 · · · , kα,mα) and
kβ = (kβ,1 · · · , kβ,mβ ) for β 6= α, with l
[α] defined simi-
larly. The fourth line introduces the short-hand notation
for the array of m indices, µαk
[α] = (k1, · · ·µαkα, · · ·kK)
(µαl
[α] is defined similarly), and the fifth line uses the
definition of the m-body RDM, Eq. (17).
5Now the RHS of Eq. (31) is given by the sum over m,
〈Ψ|(Eˆα)
iα
aα
Hˆ|Ψ〉 = mα
∑
m
∑
jα
∑
k[α]l[α]
(Hm)
aαk
[α]
jαl[α]
(ρm)
jαl
[α]
iαk[α]
= 〈χ(α)aα | ·
∑
jα
(Hα)
jα
iα
|χ
(α)
jα
〉, (33)
where (Hα)
jα
iα
is the effective one-particle operator,
(Hα)
jα
iα
=
∑
m
mα∏K
β=1mβ!
∑
k[α]l[α]
(Wm)
k[α]
l[α] (ρm)
jαl
[α]
iαk[α]
, (34)
and (Wm)
k[α]
l[α]
is given in the coordinate representation as
(Wm)
k[α]
l[α] (xα, x
′
α) =∫
dy [α]dz [α]ϕ∗
k[α]
(y [α])Hm(xαy
[α], x′αz
[α])ϕl[α](z
[α]),
(35)
where y [α] = (y1, · · ·yα, · · ·yK) is the set of m −
1 coordinates with yα = (yα,2 · · · , yα,mα) and
yβ = (yβ,1 · · · , yβ,mβ) for β 6= α, and xαy
[α] =
(y1, · · ·xαyα, · · ·yK) is the array of m coordinates. z
[α]
and x′αz
[α] are defined similarly.
Finally, gathering the occupied and virtual compo-
nents of the time derivative completes the derivation of
EOM for spin-orbitals
i|χ˙
(α)
iα
〉 = i
∑
jα
|χ
(α)
jα
〉(Xα)
jα
iα
+
∑
aα
|χ(α)aα 〉〈χ
(α)
aα
|
∑
jαkα
(Hα)
jα
kα
|χ
(α)
jα
〉(ρ−1α )
kα
iα
(36)
= i
∑
jα
|χ
(α)
jα
〉(Xα)
jα
iα
+ (1− Pˆα)
∑
jαkα
(Hα)
jα
kα
|χ
(α)
jα
〉(ρ−1α )
kα
iα
,
where Pˆα =
∑
iα
|χiα〉〈χiα | is the spin-orbital projection
operator onto the occupied spin-orbital space, with which
the virtual space
∑
aα
|χ
(α)
aα 〉〈χ
(α)
aα | = 1− Pˆα is referenced
as a whole, thus avoiding explicit use of virtual spin-
orbitals. (Xα)
jα
iα
in the first term is to be obtained by
solving Eq. (29), and, as discussed above, can be set zero
in the full-CI case. Equation (27) for CI coefficients and
Eq. (36) for spin-orbitals form fully general TD-MCSCF
equations of motion, not restricted to full CI, for a system
composed of any arbitrary kinds and numbers of fermions
and bosons.
IV. MOLECULES INTERACTING WITH AN
EXTERNAL LASER FIELD
In this Section we present the working equations for
a molecule subject to an external laser field. Let the
molecule consist of electrons and Kn different kinds of
nuclei treated quantum mechanically (the kind does not
necessarily corresponds to the nuclear species, see discus-
sion below), and Ncl nuclei treated as a classical point
charge. For clarity and notational simplicity, we assign
the electrons to the first kind of particle (α = 1), and
kinds α = 2, 3, · · · ,K represent quantum nuclei with
K = 1 +Kn. The numbers of identical particles are, as
before, denoted by {Nα}. Then the number of electrons
is N1, the number of quantum nuclei is Nn =
∑K
α=2, and
the total number of atoms is Natom = Nn +Ncl. We use
atomic units in this section.
The spin-independent molecular Hamiltonian in the
coordinate representation is given by
H =
K∑
α=1
Nα∑
pα=1
hα(rpα , r
′
pα
, t) +
K∑
α=1
Nα∑
pα=1
Nα∑
qα>pα
Uαα(|rpα − rqα |)
+
K∑
α=1
K∑
β>α
Nα∑
pα=1
Nβ∑
qβ=1
Uαβ(|rpα − rqβ |), (37)
where Uαβ(r) = ZαZβ/r is the Coulomb interaction with
Zα being the electric charge, and
hα(r,r
′, t) = δ(r − r′)
[
−
∇2r′
2mα
+
Ncl∑
A=1
ZαZA
|r −RA|
]
+ V extα (r,r
′, t),
(38)
is the one-particle Hamiltonian composed of the kinetic
energy [the first term with mα being the mass (not to be
confused with the number of particles)], Coulomb inter-
action with classical nuclei with the charges {ZA} located
at {RA} (the second term), and the time-dependent
laser-particle interaction V extα , given, e.g., within the
dipole approximation either in the length gauge (LG) or
in the velocity gauge (VG), by
V extα,LG(r,r
′, t) = −δ(r − r′)ZαE(t) · r, (39)
V extα,VG(r,r
′, t) = δ(r − r′)i
Zα
mα
A(t) · ∇r′ +
Z2α
2mα
|A(t)|2,
(40)
where E(t) is the laser electric field, and A(t) =
−
∫
E(t)dt is the vector potential.
The general formulation of Sec. III is readily applicable
to the molecular Hamiltonian of Eq. (37). The CI EOM
reads
iC˙I =
∑
J
〈I |

∑
α
∑
iαjα
(h˜α)
iα
jα
(Eˆα)
iα
jα
+
1
2
∑
α
∑
iαjαkαlα
(Uαα)
iαkα
jαlα
(Eˆα)
iαkα
jαlα
(41)
+
1
2
∑
α
∑
β 6=α
∑
iαjαkβlβ
(Uαβ)
iαkβ
jαlβ
(Eˆα)
iα
jα
(Eˆβ)
kβ
lβ

 |J 〉CJ ,
where
(h˜α)
iα
jα
=
∫
dxαχ
(α)∗
iα
(xα)[hα(t)χ
(α)
jα
](xα)− i(Xα)
iα
jα
,
(42)
6(Uαβ)
iαkβ
jαlβ
= ZαZβ
∫
dxαdx
′
β
χ
(α)∗
iα
(xα)χ
(β)∗
kβ
(x′β)χ
(α)
jα
(xα)χ
(β)
lβ
(x′β)
|rα − r ′β |
,
(43)
with xα = (rα, σα) being the composite spatial- and spin-
coordinates, and the EOM for spin-orbitals is given by
i|χ˙
(α)
iα
〉 = i
∑
jα
|χ
(α)
jα
〉(Xα)
jα
iα
+ (1− Pˆα)
(
hα + V
(α)
iα
)
|χ
(α)
iα
〉,
(44)
where the one-body contribution to the second term
of Eq. (36) is extracted to lead to hα|χ
(α)
iα
〉 by noting
[(ρα)(ρα)
−1]iαjα = δ
iα
jα
, and
V
(α)
iα
|χ
(α)
iα
〉 =
∑
jαj′α
∑
β
∑
kβlβ
(Wαβ)
kβ
lβ
|χ
(α)
j′α
〉(ραβ)
j′αlβ
jαkβ
(ρ−1α )
jα
iα
,
(45)
(Wαβ)
kβ
lβ
(xα) = ZαZβ
∫
dx′β
χ
(β)∗
kβ
(x′β)χ
(β)
lβ
(x′β)
|rα − r′β |
. (46)
Finally, Eq. (29) is formulated as the linear system of
equations,∑
β
∑
kβlβ
(Aαβ)
iαkβ
jαlβ
(Xβ)
kβ
lβ
= (Bα)
iα
jα
. (47)
where (Aαβ)
iαkβ
jαlβ
= (A¯αβ)
iαkβ
jαlβ
− (A¯βα)
kβ iα
lβjα
, (Bα)
iα
jα
=
(Fα)
iα
jα
− (Fα)
jα∗
iα
, with
(A¯αβ)
iαkβ
jαlβ
= δαβ (ρα)
lα
iβ
δjαkα − 〈Ψ|(Eˆα)
iα
jα
Π(Eˆα)
kβ
lβ
|Ψ〉,
(48)
(Fα)
iα
jα
=
∑
kα
(hα)
jα
kα
(ρα)
kα
iα
+
∑
kα
∑
β
∑
kβ lβ
(Uαβ)
jαkβ
kαlβ
(ραβ)
kαlβ
iαkβ
− 〈Ψ|(Eˆα)
iα
jα
ΠHˆ |Ψ〉. (49)
In order for Eq. (47) to be solvable (with non-singular
coefficient matrix A), one needs a systematic method
of constructing non-full-CI space analogous to the TD-
ORMAS method [10] for electrons. We shall discuss this
issue in the future publication.
Equations of motions (41) and (45), with the ma-
trix equation (47) defines the general TD-MCSCF
method, not restricted to full CI, for molecules in-
teracting with an external field. Our formulation is
very flexible; it includes as special cases both the
electron dynamics at the classical-nuclei approximation
(Nn = 0, Ncl = Natom) and the full quantum molecular
dynamics (Nn = Natom, Ncl = 0). Furthermore, it
allows various approaches to the same physical problem;
e.g., the same nuclear species in the molecule can be
treated either as identical particles or distinguishable
ones to investigate the physical outcomes of the particle
statistics during the course of laser-molecule interaction.
V. SUMMARY
We have developed a fully general ab initio TD-
MCSCF approach to describe the dynamics of a many-
body system that is a mixture of any arbitrary kinds
and numbers of fermions and bosons subject to an ex-
ternal field. In this approach, the total wave function
is expanded in terms of configurations constructed from
time-dependent single-particle spin-orbitals. The expan-
sion is not limited to the full-CI one, and the configura-
tions used in the expansion can be specified in terms of
the whole mixture rather than each particle kind sepa-
rately. The equations of motion for the CI coefficients
and spin-orbitals have been derived, based on the time-
dependent variational principle. Furthermore, we have
presented the working equations applicable to investiga-
tion of the ultrafast dynamics in a molecule irradiated by
intense laser fields and/or ultrashort XUV pulses.
The present framework is highly flexible. For example,
we can treat identical nuclei in spatially separated sub-
domains of a molecule as different particle kinds. We can
also treat heavy nuclei and incident projectiles as classi-
cal particles instead of quantum ones. The latter may be
handled as an external field as well.
Whereas our original motivation lies in ab initio sim-
ulations of the electron-nuclear dynamics in molecules
driven by a laser pulse, our method will be applicable
to a wide variety of problems far beyond. Especially,
the Hamiltonian can contain non-local terms and involve
many-body (more than two-body) interactions. Thus,
it may also find applications in cold-atom/cold-molecule
physics and nuclear physics.
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